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All edges are present.
Everyone is my neighbor.
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How many edges?
Each vertex is incident to n— 1 edges.
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Remember sum of degree is 2|E|.
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Hypercube: Can’t cut me!

Thm: Any subset S of the hypercube where |S| <|V/|/2 has > |S| edges connecting it
to V-S;|ENSx(V-S)>1S|

Terminology:
(S,V-2S)iscut.
a partition of the vertices of a graph into two disjoint subsets.
(ENSx(V—2S)) - cut edges.

Restatement: for any cut in the hypercube, the number of cut edges is at least the size
of the small side.
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Thm: For any cut (S, V — S) in the hypercube, the number of cut edges is at least the
size of the small side, |S|.

Proof: Induction Step. Case 2. |Sy| > | Vol/2.
Recall Case 1: |Sy|,|S1] < |V]|/2
|S1] < |V4]/2 since |S| < | V|/2.
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Also, case 3 where |Sy| > |V|/2 is symmetric.
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Only if: trivial

Start at a node v in one part, say V, the cycle must be like leaving V, entering V, ...
Also the cycle must end at v, so the cycle must end with "entering V”.All paired up,
even length.

No odd-length cycle = bipartite:
Different connected components does not influence each other, just look at one first

Pick one arbitrary vertex v, split all vertices into two groups
A= {u € V|3 odd length path from v to u}
B = {u € V|3 even length path from v to u}

We have a bipartite graph if A and B are disjoint.
What if a vertex in both sets? Odd length cycle! Contradiction
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