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Flip a coin: If H you make a dollar. If T you lose a dollar.
Let X be the RV indicating how much money you make.
E(X)=0.

Flip a coin: If H you make a million dollars. If T you lose a
million dollars.

Let Y be the RV indicating how much money you make.
E(Y)=0.

Any other measures???

What else that’s informative can we say?
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The variance measures the deviation from the mean value.

Definition: The variance of X is

6?(X) = var[X] = E[(X — E[X])?].

o(X) is called the standard deviation of X.
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Consider X with
X — -1, w.p. 0.99
1 99, w.p.0.01.
Then
E[X] = —1x0.99+99x0.01=0.
E[X?] = (—1)2x0.99+(99)?x0.01~ 100.

Var(X)

%

100 = o(X) ~ 10.
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A simple example

This example illustrates the term ‘standard deviation.

Pr=10.5 ol . T Pr=10.5
O | O B
H—o Hw+o

Consider the random variable X such that

x_J] r-o w.p. 1/2
| u+o, wpo1/2.

Then, E[X] = u and E[(X — E[X])?] = 62. Hence,

var(X) = 6° and o(X) = .
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n 4 1 1n(n+1) n+A
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n+1
EX]=——.
X= =
Also,
2 & 2 1¢ 2
E[X?] = FPriIX=i==)1i
X = L PPIX==1Y,
143n+2r? .
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Review: Harmonic sum

Hm =142+ +1~/n1dx—ln(n)
N 2 n_J1 x ’

1/2

1/3

1/4 15

0 1 2 3 4 5 6 T

A good approximation is

H(n) ~In(n)+y where y ~ 0.58 (Euler-Mascheroni constant).
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Harmonic sum: Paradox

Consider this stack of cards (no glue!):

U

If each card has length 2, the stack can extend H(n) to the right
of the table. As nincreases, you can go as far as you want!
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H(n+1)

ne=1-—=x
=x=1/(n+1)

l—x x

The cards have width 2. Induction shows that the center of
gravity after n cards is H(n) away from the right-most edge.



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

PriX > n] =



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr( first nflips are T| =



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem

Pr(X >n+m|X > n]=Pr[X>m],mn>0.



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem

Pr(X >n+m|X > n]=Pr[X>m],mn>0.
Proof:

PriX>n+mX>n] =



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem
Pr(X >n+m|X > n]=Pr[X>m],mn>0.

Proof:

PriX>n+mX>n = Pr[X > n+mand X > n

Pr(X > n]



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".

Theorem

Pr(X >n+m|X > n]=Pr[X>m],mn>0.

Proof:
PX nmix > = P DR
PriX > n+ mj
Pr[X > n]




Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem
Pr(X >n+m|X > n]=Pr[X>m],mn>0.

Proof:

PriX>n+mX>n = Pr[X > n+mand X > n

Pr(X > n]
Pr(X > n+m]
Pr(X > n]
(1-p)™m
(1-p)"



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem
Pr(X >n+m|X > n]=Pr[X>m],mn>0.

Proof:

PriX>n+mX>n = Pr[X > n+mand X > n

Pr[X > n]
Pr(X > n+m]
Pr(X > n]
=p™" o \m
Ao (1-p)



Geometric Distribution: Memoryless
Let X be Geom(p). Then, for n> 0,

Pr[X > n] = Pr[first nflips are T] = (1 —p)".
Theorem
Pr(X >n+m|X > n]=Pr[X>m],mn>0.

Proof:

Pr(X > n+mand X > nJ
Pr(X > n]
Pr(X > n+m]
Pr(X > n]
(1-p™m m
Ao (1-p)
= Pr[X>m].
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Geometric Distribution: Memoryless - Interpretation

Pr[X >n+m|X > n]=Pr[X>m|,mn>0.

B A
TTT...TTTITTT ... T ....... H

ke = e
T m

The coin is memoryless, therefore, so is X.
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Geometric Distribution: Yet another look

Theorem: For ar.v. X that takes the values {0,1,2,...}, one
has
E[X] =

I

PrIX > i].
=
[See later for a proof.]
If X = Geom(p), then Pr[X >i]=Pr[X >i—1]=(1-p)".

Hence,

EX= Y02 = X0 = =
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A side step: Expected Value of Integer RV

Theorem: For ar.v. X that takes values in {0,1,2,...}, one has

E[X] = i Pr(X > i.

Proof: One has =

Y ix PriX =1l
i=1

= Z (Pr(X >i]—Pr[X >i+1])

E[X]

T
N

- i(/xPr[X>/]—/><Pr[X>I+1])
i=1
= i/xPr[X>/]—Z/><Pr[X>I+1]
i=1 i=1
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I
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Theorem: For ar.v. X that takes values in {0,1,2,...}, one has

E[X] =

]

Pr(X > i.
1

oo

Probability mass at i, counted i times.

Sameas Y7 ¢ix Pr[X=1].

3

0 1
PriX > 1]

PriXx>2] ——
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